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ods for calculating the average residual value.) In MAF, the
size of the acceleration parameter sequence is adjusted to give
best convergence. In the Newton-Orthomin algorithm, the num-
ber of orthogonal vectors used within Orthomin (k) and the
Orthomin accuracy level are also tuned for optimal conver-
gence (more details can be found in Ref. 8). All of the results
for the measured CPU times are summarized in Table 1.

The first test is a parabolic airfoil with an 80 x 30 mesh.
From Table 1 we can see that the Newton-Orthomin algorithm
is 3.3 times as fast for subsonic flow (M., = 0.7141) and is 4.2
times as fast for transonic flow (M, = 0.8016). In the tran-
sonic cases we have higher speedups as the convergence of
MATF slows down considerably, whereas the Newton-Or-
thomin algorithm slows down much less. The solution for the
transonic case (identical for both algorithms) and the conver-
gence of the two algorithms is shown in Fig. 1.

The second test is a NACA 64A006 airfoil for the same
conditions. Table 1 shows the results of CPU time compari-
sons between the Newton-Orthomin algorithm and MAF in
subsonic (M, = 0.8004) and transonic (M., = 0.8663) condi-
tions. The results are nearly the same as those found for the
parabolic airfoil. The Newton-Orthomin algorithm is 2.7
times as fast as MAF in subsonic flows and 3.8 times as fast in
transonic flows. The convergence history (not shown) is very
similar to the one shown in Fig. 1 for the parabolic airfoil.

The effect of increasing the size of the system is investigated
by using a finer 160 X 60 mesh. This quadruples the number of
equations in the system. The average residual value should be
adjusted according to the mesh size (the double mesh has four
times larger residual). The average residual for exit was 103
for the 80 x 30 mesh and 4 x 10-3 for the 160 x 60 mesh. The
results of the test using a 12% thick parabolic airfoil for
transonic flow (M, = 0.8016) are given in Table 1. We see
that, as the size of the system is increased, the ratio of CPU
times required for the larger mesh is much less for the Newton-

" Orthomin algorithm. Speedups increase from 2.1 for the regu-
lar mesh to 3.9 for the fine mesh. Similar results were found
for different Mach numbers and average residuals. We expect
the speedup to increase further for very large systems, as the
ones used in three-dimensional calculations.

Concluding Remarks

A new efficient algorithm is introduced for the solution of
the two-dimensional TSD equation. The new algorithm uses
Newton’s method to solve the nonlinear system of equations
resulting from the discretization using finite differences. An
efficient iterative linear solver (i.e., Orthomin) is used for the
solution of the sparse linear system of equations in each New-
ton step. The proposed algorithm is compared with a tradi-
tionally used approximate factorization algorithm with
monotone switches (MAF). The results show 2.1 to 4.5
speedups for various cases and mesh sizes. These speedups are
expected to be higher in very large systems. The results justify
the viability of our algorithm. The algorithm idea can be
extended for different switches, more complex flow models
(i.e., Euler and Navier-Stokes equations), and configurations
(i.e., three-dimensional flow). Other iterative linear solvers
and different preconditioners should be tried to increase effi-
ciency and demonstrate the robustness of this new approach.
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Approximate Riemann Solver
for Hypervelocity Flows
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Nomenclature
a = local speed of sound, m/s
E = total energy, J/kg
e = specific internal energy, J/kg
h = specific enthalpy, J/kg
M = Mach number
P = pressure, Pa
Pr = Prandtl number, (C,u/k)

= gas constant, J/kg/K

= temperature, K

= time, s

= Riemann invariant

= x component of velocity, m/s
= y component of velocity, m/s
ws = wave speed, m/s

x = x (axial) coordinate, m

y = y (radial) coordinate, m

VA = intermediate variable
o

Y

n

<2Q|‘*~]>g

= density, kg/m?
= ratio of specific heats
= coefficient of viscosity, Pa.s

Subscripts

e = boundary-layer edge condition
L, R = left state, right state, respectively
MIN = minimum allowable value

X, y = Cartesian components
Superscript
* = intermediate states for the Riemann solver

locally tangent to the cone surface
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L. Introduction

N recent years the proliferation of relatively fast computers

has popularized the direct calculation of viscous, compress-
ible flows in a time-accurate manner. In some situations, such
as the transient hypersonic flow over a model in a shock
tunnel, numerical simulation is the only way to extract de-
tailed information about the flowfield. Such computations are
very demanding since there are both strong shocks and rar-
efactions and strong viscous interactions. At each time step of
a finite volume simulation of the flow, we first interpolate the
flow state (consisting of a set of values for p, u, v, e, P, and
a) to either side of each interface at the start of the time step
and then apply a Riemann solver to estimate the flow state at
the interface during the time step.

There are a number of Riemann solvers that can be used,
including ‘‘exact’ iterative schemes' and approximate (nonit-
erative) schemes.>? The approximate schemes are generally
less computationally expensive than the iterative schemes, and
because the Riemann solver consumes a large fraction of the
total computational effort, an approximate scheme is favored.
Although the Roe-type solver is popular because it is relatively
fast, there are situations such as the double-Mach-reflection
case* and flow over a sphere® where it may produce spurious
results. The Osher-type solver? is considered to be fairly robust
and free of adjustable parameters; however, we have experi-
enced some difficulty in applying it to flows with very strong
shocks. Here, we take a middle road between the fully iterative
solvers and the single-step approximate solvers and, at the cost
of some computational expense, produce an approximate
solver that is reliable in extreme flow situations and is vector-
izable with current compilers for vector computers.

II. Approximate Riemann Solver

The current solver is a three-stage approximate Riemann
solver in which the first stage computes the intermediate pres-
sure and velocity assuming isentropic wave interaction. A
second stage, based on the strong shock relations, may be
invoked to improve the first-stage estimate if the pressure
jump across either wave is sufficiently large. In practice, this
modification has been required only in extreme conditions
such as those found in the bluff-body test case (Sec. II11.A).
The final stage is to select/interpolate the interface state (p, u,
v, e, P, etc.) from the set of left, right, and intermediate states.
If stage 2 (strong shock modification) is not invoked, the
solver is much like Osher’s approximate Riemann solver.?

A. Stage 1l

The first stage of the Riemann solver assumes that a spa-
tially constant left state (subscript L) and right state (subscript
R) interact through a pair of finite-amplitude (and isentropic)
compression or rarefaction waves. Perfect gas relations (Ref.
6 cited in Ref. 1) are used to obtain the intermediate states (L *,
R ™) in the gas after the passage of left-moving and right-mov-
ing waves, respectively. The expressions implemented in the
code are

— )T, - Tp)|27e-n
PZ =P; = p* :PL|:('Y YU, R) M
2a; (1 + Z)
U,7Z+U
u,’f=u;=u*=-—————Ll+ZR )
where the Riemann invariants are
_ 2a
UL = Uy + L
v—1
3
_ 2
UR = Up — R
vy —1

and the intermediate variable Z is given by

P, \0—D/Cn
z=-% <—L> @
a; \Pr

Note that these expressions involve the power operator that is
computationally expensive. For a limited range of base and
exponent, the standard power function is replaced by the
approximate expansion. 7 In the exceptional situation of
(U, — Ur)<0, we assume that a (near) vacuum has formed at
the cell interface and set all of the interface quantities to
minimum values.

B. Stage 2

If the pressure jump across either wave is large (say, a factor
of 10), then the guess for the intermediate pressure is modified
using the strong shock relations. Taking the large Mach num-
ber limit of the normal shock relations, the strong shock
relations for a left-moving shock are

P* _2yM}  pf (41D
3 (’Y+1) o (-1
where M, = (u; — ws;)/a,>>1 and M} =} — ws,)/a}
are the Mach numbers of the gas entering and leaving the
shock. Together with the expression for sound speed a? = yP/

p, these relations can be combined to eliminate ws; and give
u} as a function of P*:

. 2p* |
o=t I:PL('Y + 1)} ©

,amd o= )
Y

A corresponding expression can be obtained for a right-mov-
ing shock.

If P*>10 P, and P*> 10 Py, then both waves are taken to
be strong shock waves and the intermediate pressure and
velocity can be determined directly as

y+1 [ VPR
oL
2 Vor +Npp

P* =

2
(uy — ug )] @)
and

u*:\/—l;]:uL+\//)_RuR ®)
Vor + oL

If P* is greater than P; or Py (but not both), the stage 1
estimate for P* can be improved with two Newton-Raphson
steps of the form

dF, \ !
Pl = P:_Fn<dp*> . where F, = u[ (P})—ug(Py) (9

and

y—1

UL _ 2aL <P*> 2y P* - IOPL
Py ’ -
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[ } P*>10P;
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N\ r=1

UR + 720R1 <f)—> 2 . P*< 10PR
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up = 1)

2P* |
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During the update, we insure that P* = Py where Py is
some small value. After updating P*, the intermediate velocity
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is evaluated using the relevant strong shock relation from Eq.
(10) or (11).

C. Stage 3

Now that we have computed the pressure and velocity in the
intermediate regions behind the waves, the other intermediate
flow properties may be evaluated. The interface conditions
used in the inviscid flux vector can then be selected or interpo-
lated from the four flow states (L, L*, R, R*). Note that,
although only the left-moving wave is discussed here, a similar
procedure is used to obtain the flow state behind the right-
moving wave.

If the pressure rises across the left-moving wave (i.e.,
P*> P;), the left wave is assumed to be a shock and density is
obtained from the Rankine-Hugoniot relation as

. [(7 + DP* + (y - I)PL}

L G+ DP + (v — DP* 2

whereas the specific internal energy and the local speed of
sound (for later use in the interpolation of the interface pro-
perties) are computed as

P*
ef =———> and a} =(y - Def (13)
(v — Do;
The velocity of the wave (relative to the initial left state) is
given by
+1P, (P* -1\ [~
u; — wsy = [l— L (—-— +7—>:| (149
2 p\PL y+1

If the pressure falls across the left-moving wave (i.e.,
P* < P;), the isentropic-wave relations are used to obtain the
intermediate properties. The local speed of sound is obtained
from the Riemann invariant as

al = U, —up)y - 1)/2 1s5)

whereas the specific internal energy and density are computed
as

Y] p*
= ﬂ)__ , and pf =
v— by (v = Deg

The velocity of the leading edge of the wave (relative to the
initial left state) is given by

*
L

(16)

Uy — ws; =ag (17)

ITI. Test Cases
A. High Mach Number Flow Around a Sphere

The robustness of the code is demonstrated by computing a
Mach 60 flow over a 7.5-mm radius sphere with a domain
consisting of a 60 X 60 mesh of cells. The y =0 boundary is
the symmetry line (and stagnation line) while a tangency con-
dition is applied at the surface of the sphere. Freestream
conditions of p =0.5097 x 1072 kg/m3, P =427.1 Pa, e=
2.095 x 10° J/kg, u = 20600 m/s, v = 0, and Myomina = 60.1
are applied to the curved inflow boundary, the shape of which
is derived from the shock-position correlations in Ref. 8. Flow
conditions at the outflow boundary are obtained by zero-order
(constant) extrapolation. Initial conditions throughout the
domain are set to p =0.5097 x 10-2 kg/m?, P = 427.1 Pa,
e =2.095 x 10° J/kg, u =0, and v = 0. Despite the very high
temperatures in the shock layer, the gas is considered perfect
with vy =1.4, R =287 J/kg/K, and Pr =0.72, and Suther-
land’s law is used for the coefficient of viscosity. The Navier-
Stokes equations are then integrated forward in time using
high-order MUSCL interpolation and Euler time stepping
with a Courant-Friedrichs-Lewy (CFL) number of 0.5.

Figure 1 shows the flowfield (pressure and Mach contours)
at t = 13.6 us after the flow has approached steady state.
Discrete points from experimentally derived correlations® are
plotted on the pressure contours. Given that M = 60 is beyond
the range of the data used for the correlations, agreement is
good. The largest deviations are near the outflow boundary.
Profiles of density and pressure along the line of cells adjacent
to the x axis are shown in Fig. 2. The shock appears to be
captured in two or three cells with no oscillation, and the
density jump is close to the ideal strong shock value of 6. The
pressure ratio from freestream to the stagnation point is 4621,
which is very close to the ideal value of 4636 for M = 60 (see,
for example, Table II in Ref. 9).

A similar calculation with M = 12 was reported in Ref. 7
and, for that condition, an Osher-type solver (i.e., stages 1
and 3 only) failed to produce a solution. In addition, a finite
difference scheme using Roe-type flux-difference splitting re-
quired a rather large value for its entropy-fix parameter to
obtain a physically reasonable solution.'® Although the mech-
anism causing the solvers to fail is not well understood, the
strong shock (second) stage modification appears to make the
present solver quite robust. Also note that, although the
M = 60 shock is very strong, the high temperature in the

- region behind the shock enhances the viscous dissipation and

may result in a smoother solution than seen at lower Mach
numbers.
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Fig. 1 M = 60 flow over a sphere with a tangency boundary condi-
tion: a) pressure contours, b) Mach number contours; ‘‘ + *° denotes
the experimental correlation.
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Fig. 2 Flow properties for the cells adjacent to the (y = 0) stagna-
tion line.
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Fig.3 Flow over a 7-deg cone with an adiabatic boundary layer: a)
pressure contours, b) density contours.
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Fig. 4 Comparison of the present finite volume solution with a spec-
tral solution at 1.0 m from the cone apex: a) tangential velocity, b)
temperature. Solid line represents spectral solution, o denotes
100 x 60 mesh, a denotes 100 x 90 mesh.

B. Flow over a Sharp Cone

To illustrate the behavior of the solver in the presence of
strong viscous effects, we show the computed results for
M = 8 flow over a sharp 7-deg cone. The axis of the cone is
aligned with the freestream.

Two cases are considered in which the cone flow domain is
discretized as a set of 100 X 60 cells and 100 X 90 cells.
Freestream conditions of p=1.0809 x 102 kg/m?, P =165.51
Pa, e =3.8281x10* J/kg, T=53.35K, u =1164.0 m/s, v =0,
and Myomina = 7.95 are applied to the left and upper boundaries
whereas the outflow boundary conditions are obtained by
extrapolation, and the cone surface is modeled as a no-slip,
adiabatic boundary. To match the experimental conditions in
Ref. 11, the gas was considered to be a perfect gas with
v=1.4, R =287 J/kg/K, and Pr =0.7, and viscosity was
obtained from the Sutherland expression

T3/2
—1.611%x10 66— Pa.
# T +11033 °°

Based on freestream conditions and the length of the cone,
the Reynolds number is approximately 3.3 x 10°. The initial
state of the flow in the domain is p = 1.0809 x 10~2 kg/m?,
P =165.51 Pa, e = 3.8281 x 10* J/kg, u =0, and v = 0. The
Navier-Stokes equations are then integrated forward in time

using high-order MUSCL interpolation and Euler time step-
ping with a CFL number of 0.5.

Figure 3 shows the flowfield (pressure and density contours)
t =22 ms after the flow has approached steady state. The
pressure field is almost conically symmetric, as per the inviscid
solution of Taylor and Maccoll (see for example, Chap. 10 in
Ref. 12), and the shock angle is still approximately the inviscid
value of 10.5 deg (Ref. 9, Chart 4). The shock, however, is
slightly curved near the apex of the cone. Boundary-layer
profiles of velocity and temperature at x* = 1.0 m are shown in
Fig. 4 for both the present finite volume solutions and a bound-
ary-layer solution using edge conditions of p, = 2.044 x 102
kg/m?, P, =416.7 Pa, u* =1148.6 m/s, and 7, =71.04 K. There
is good agreement between the present finite volume solutions
and the spectrally accurate solution,!? especially near the cone

_surface. Although the outer region of the boundary layer is

underresolved (even for the 100 X 90 mesh), the finite volume
solutions appear to be converging to the spectral solution.
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Introduction

HE status of computational methods for viscous tran-
sonic airfoil flows is reviewed in detail in Ref. 1, which
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